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Natural Policy Gradient (NPG)



Gradient Method over Distributions

It is clear that policy optimization for RL is a special case of optimization over
probability distributions:

max J(0) = Ex~p, [f(X)].
The gradient ascent method for this problem is given by
0" =0+n-VJ0),
where the search direction Af = VJ(0) satisfies

A x argmax{J(0) + (V]J(0),d)}.

ldll2<«

Question: Is it more natural to search over probability distribution space since
J(0) essentially relies on P»? YES —> Natural gradient method.



Natural Gradient over Distributions

Natural gradient method conducts search based on KL divergence between
probability distributions (F(6) is pseudoinverse of F(6)):

AO x argmax {J(09) + (VJ(0),d)}

KL(PglPgyq)<ex

~ F(0)'V)(0),
where F(9) is the Fisher information matrix at 6, defined by
F(6) = Exwp, |V logps(X)(Vologps(X))'] -
This leads to natural gradient method:
0" =0+n-FO)'V)®),

which can also be viewed as preconditioned gradient method.



Derivation of Natural Gradient Direction

Given two probability distributions P and Q with pdf p(x) and g(x) respectively,
the KL divergence is defined by

K010 = 5 fios 2] =51 e 0]

It follows that

KL(P9‘|P9+d) = EPQ |:10g :|
Po+a(X

= —Ep, [log Po+4(X) — log po (X))
~ _d VopoX)| 1 Vipo(X) _ Vope(X)(Vopo (X))
~d B { Po(X) } d [ Po(X) Po(X)? :

I1=Epy [V log pe (X)] l2=Ep [V log po (X)]




Derivation of Natural Gradient Direction

For I, one has

Ep, [v;fi(e)g()} - / Vope(X)dx = 0.

For I3, one has

and

Vopo(X)(Vepo(X))"
’ po(X)?

It follows that

By | =B, [Vo108p0 000 t02p000)] = Fi0)

AG = argmax {J(0)+ (VJB),d)} = argmax {J(0) + (VJ(0),d)} < F(6)'VJ(0).

KL(Py||Pg4q)<a dTF(0)d<2ax

The pseudoinverse basically means that we won’t consider the direction such F(6)d = 0 since in this
case one has KL (Pg||Pg1q) = d"F(0)d = 0 and the objective function roughly remains unchanged.



Natural Policy Gradient (NPG)

Natural policy gradient is natural gradient applied to RL optimization problem:
mgxx V"'e (.U“) = ESONM [V"e (So)] = ]ETNPZ;Q [r(T)] s

where given 7 = (¢, at, )20,
P () = u(So) | [ mo(arlst)P(seralse,ar) and  r(r) =) A're.
t=0 t=0

Natural gradient search direction can be incorporated into different policy
optimization methods (including REINFORCE, actor-critic) after MC evaluation of
F(9) (e.g., using data from an episode). We only focus on expression for F(6).

By the definition of F(¢) and expression for P};° (assuming 7y (als) = 1 for any 6),

F(0) =E, _r0 {( i Vo logmo(ads:)) ( i Vo log we(atst))T]

:IETNPZQ |:Z Vo logme(at|St) (Ve log 7T9(at|5t))T:| .

t=0



Two Common Expressions of F(¢) to Avoid Divergence

» Average case:

T-1
F(6) = hm TET PT |:Z Vo log o (at|St) (Ve log mg (atlst))T:|
t=0

= Eoogmo Eamy (15) [vg log 76 (als) (Ve log m;(a\s))’} ,

where d™0(s) = Es,~,, [limt— oo P(St = S|S0, 7e)] is State stationary distribution.

» Discounted case:

“+oo
F(0) = (1 =7)E, pre [Z 7'V logmg(ac|se) (Vo log 7Ta(ﬂt|5t))T}

t=0

= Eq gz Bonry (1s) |Valogmo(als) (Vo logmo(als))']

where di°(s) = Esy~p [(1 — ) D o2 ¥'P(St = S|S0, me)] is discounted state
visitation measure.



Remark

» For the discounted case, it is not difficult to verify that the natural gradient
direction F(0)TVeV™ (1) satisfies

F(O)'VoV™ (u) = ———w",

where w* is the (¢2-minimal) solution to

w

2
minL(w) = Bg_gro o0 s {((vg log me(als))  w — A™ (s, a)) } .

See “On the theory of policy gradient methods: Optimality, approximation, and distribution shift” by
Agarwal et al. 2021 for details.



Remark

» For the softmax parameterization (i.e., mo(als) = exp(fs,a)/ (>, exp(0s.a'))), it
can be verified all the solutions to min,, L(w) has the following general form:

wsq =A"(s,0) +Cs,
where cs is a constant relying on s. Thus NPG in policy space is given by
mo(als) - exp (%A’”’ (s, a))

Sma(@ls) - exp (ﬁme (s, a’))

o+ (als) =

El

which coincides with EQA in Lecture 7 (a policy mirror ascent method).

See “On the theory of policy gradient methods: Optimality, approximation, and distribution shift” by
Agarwal et al. 2021 for details.
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Trust Region Policy Optimization (TRPO)

Overall Idea

Given a policy m,, by performance difference lemma, we can rewrite V™ () as

1 ™
Ve (u) BN VAL (/‘l’) + fy]ESNdZIU EaNﬂ—g(.b) [A 0t (S, a)] .

1—
Since we do not have access to d;,, instead maximize the approximation:

1 ™
E__ o Eanmy(ls) [AT(S, 0)].

max Ve(6) = V™o (u) + m s~d,,



Trust Region Policy Optimization (TRPO)

Two Facts

» It is easy to see that V™ (u) and V¢(0) match at 6; up to first derivative.

» It can be shown that

VI ) = V(O) = 2ok max KL (1) mo(15).

where e; = maxs,q A" (S, a)|.

See “Trust region policy optimization” by Schulman et al. 2017 for derivation of second fact.



Trust Region Policy Optimization (TRPO)

TRPO is Approximately NPG Plus Line Search

The second fact suggests that we may seek a new estimator by maximizing V;(9)
in a small neighborhood of 6::

max Vi(6) subjectto maxKL(mo,(-|s)||ma(:]S)) < 6.
S
Moreover, replace constraint by the average version and instead solve

max Vi(6) subject to E__ o [KL(7g,(-|S)||ma(+]5))] < 6.



Trust Region Policy Optimization (TRPO)

TRPO is Approximately NPG Plus Line Search

After linear approximation to V;(6) and quadratic approximation to KL at 6;,
1

Ve(8) & (VoV™t (1))" (6 — 6r), E,gmoc [KL(mo (-[s)llmo (15)] ~ 5 (6 — 6:)"F(6:) (60 — 6),

we arrive at the same problem as that for NPG,

max(VoV ™ (2))7(0 — ;) subject to %(a — 00)"F(0:) (0 — 6r) < 6.

» TRPO is NPG with adaptive line search in implementations.
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Proximal Policy Optimization (PPO)

Recall from last section that

vt(e) X Es~d:9t Earwrrg(-\s) [Am)[ (S, G)}

T (als)
7T9r(a|s)

= Eswd:et Earrg, (-1s)

AT (s,a)|,
serves as a surrogate function of true target in small region around 6.

PPO keeps new policy close to old one through clipped objective.



PPO with Clipped Objective

Let r(9) = =2 Then r(¢;) = 1. The clipped objective function is given by

7o, (als)"

Vi (0) = E, o Banry, 19 [min (r(0)A™(5,0).clip (r(0), 1 — e, 1+ ) A (5.a) )|,

where
1+e r0)>1+c¢,
clip(r(0),1—e,14+¢)=4q r(0), rd) ell—el+¢,
1—¢ ri@)<l—e
» The min operation ensure vf“”(e) provides a lower bound. Since a maximal
point will be computed subsequently, min will not cancel the effect of clip.
» PPO policy update (in expectation): 6, = argmax, Vs"°(6).

» In flat region, gradient of V""" (¢) is zero, thus won’t move far from 6, is using
policy gradient type method to solve the sub-problem.

See “Proximal policy optimization algorithms” by Schulman et al. 2017 for details.
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Entropy Regularized State Value

Given a policy 7, the average entropy regularized state value is given by
1

V;—r(:u) = ﬁESng {Ea~w(z\s)Es’~P(-\s,a) [r(s,a, S,)} + TH(T"("S))}
1

= T FyESNdzEONW("S)ES/NP(-|S,O) [I’(S7 a75/) B Tlogﬂ(a|s)]

=E | 7' (r(st,ar,5t41) — Tlogm(adlst)) | So ~ .| |
t=0

where H(p) = >, palog pq is the entropy of a probability distribution.

» Entropy regularized state value at s, denoted V7 (s), can be similarly defined.

» In addition to the perspective based on entropy regularization for more
exploration, it can also be interpreted as encouraging exploration via revising
the reward (the third equation).

In this section, we will use T to denote the regularization parameter, which should be distinguished
from the trajectory.



Bellman Equation and Operator

Itis clear that V7 (1) satisfies the following Bellman equation

VI (S) = Eamn(.5)Es'mp(1s,a) [1(S,a,8") — Tlog(als) + V7 (s")] .
Define the Bellman operator as follows

TIV(S) = Eamn(1s)Es/wp(.1s,a) [F(S,0,5") — 7log(als) +~V(s)] .

It is easy to see that 7" is of v-contraction and VI is a fixed point of 7.".



Entropy Regularized Action Value

The entropy regularized action value is defined as
Q7 (s,a) = Egp(.js,a) [1(S,a,5") + V7 (s))] -

Note that we choose not to include —7logw(als) here. One immediately has
VI(S) = Eaun(js) [Q7 (S, 0) — Tlog m(als)] .

» Action value is state value where initial policy is deterministic, thus entropy 0.

» Itis convenient to give the maximum improvement policy (similar to PI
policy). That is, the solution to

mgxﬂV(S) = maxBar(.|s)Es/np(fs,a) [r(s,a,s") — T log(als) +~V(s")]
is w(+|s) < exp(Q"(s,-)/7), where Q'(s,a) = Eg ~p(.js,a) [I(S,@,5") +YV(s')].

Entropy regularization moves the maxima to the interior so that it has an
explicit solution in terms of softmax representation.



Performance Difference Lemma

Define the advantage function
AZ(s,a) = Q7 (s, a) — rlog(als) — VI(s).
It is evident that Eq.(.js) [A7(S,a)] = 0.

Lemma1
One has

TIUVE(5) — VI2(5) = Eann(fs) [A7(5,)] — 7KL(m (-[5) 2 |5))-

Lemma 2 (Performance Difference Lemma)
There holds

VI () =V () = =

D dii(s) (TFHVR2(s) — Vi2(9) -

s



Optimality

Define the Bellman optimality operator 7, as follows:
TV(S) = max Egn. 9 By s [1(5,0,5) — Tlog(a]s) + V()]
Then 7~ is monotone and ~-contraction with respect to || - ||co-

Theorem 1 (Optimality)
Let V; be the solution to the Bellman optimality equation T-V(s) = T:V(s). Then

V;(s) = max V7 (S).

Moreover, there exists an optimal policy =* such that VT~ = V=.



Optimality

Proposition 1
Define Q; (s,a) = Es.wp(.js,a) [F(S, a,8") + Vi (s")] . It is evident that

Q;(s,a) = maxQj(s,a), Vs, a.
Moreover, one has ©*(-|s) « exp (Q;(S,-)/7) and
Vi(s) = Q;(s,a) — Tlogn"(als) & A (s,a) =0, Va.

» Recall that for the non-regularized case, one has A*(s,a) < 0, Va. Moreover,
A5 (s,a) =0, Va guarantees Eq...«(.|s) [A7(S,a)] = 0 even «*(-|s) > 0, Va.

Lemma 3 (Sub-Optimality Lemma)
There holds

Vi) = V2 () = = D ()KL ([s)[7" (1s)).



Reverse Direction

Theorem 2
If
V(S) = ES’NP(»\S,O) [r(sy a, S/) + ’yv(sl)] -7 lOng'(a‘S), VS, a,

thenV =V: and = = «}.
Proof. Taking expectation with respect to = (-|s) on both sides yields V = V7.

Thus, Vis a value function. By Lemma 5 in Lecture 7, the condition also means

7(-|s) = argmax Eq 7 (.1s)Es wp(.js,a) [1(S,a,5") + yV(s')] — Tlog 7(als),

#(-ls)
which implies T V(s) = V(s).
» This result essentially states that if A7 (s,a) = 0,V s, q, then = is the optimal

policy. It is parallel to the non-regularized case: if A"(s,a) <0,V s,qa, thenn
is an optimal policy.



Remark

» The optimal policy is unique with entropy regularization.
» Itis evidentthatas r — 0, 77 (a|s) — 0 for a ¢ argmax Q*(s, a).
» Since one has

max Q;(s,a) < Tlog (Hexp = (5,) /1y ) < tlog|A| + méiXQi(S,a),

it is easy to see that V;(s) — max, Q*(s,a) = V*(s) as T — 0.



Soft Policy Iteration

Soft Policy Iteration:

exp (QI’a (s, )/7’)
[ exp (Q7*(s,)/7) I~

» ~-rate convergence, with local quadratic convergence.

Th+1(:|S) = argmax T, V¥ =

“Elementary Analysis of Policy Gradient Methods” by Jiacai Liu, Wenye Li, and Ke Wei, 2024.



Policy Gradient Theorem

Theorem 3 (Policy Gradient Theorem)
Assume V0, mg(als) = 1 for simplicity. One has
1 ™
VVIO (1) = liESNd::e Eanr,(-1s) [A7° (S, a) Vo log ma(als)] .

» For softmax parameterization,

du’ (s)

VoV ) = G5

mo([S)AT’ (S, ).



Policy Gradient Methods

» Entropy softmax PG: in the parameter space,

di’(s)

050 =0sa+1 1—~

mo(a|s)AT? (s, a).
In the policy space,

di(s
Tag O Ts,q €XP (77 1“_( ’iwe(a\s)Afe (s, a)>.

» Entropy softmax NPG, in the parameter space,

Ofa = Osa + ﬁAIG (s,a).

In the policy space,

T .
Taq OX Ts,a €Xp (&A:(& a)) o (ms,a)" 17 exp (%QT (S,G)) .

For linear convergence of entropy softmax PG and NPG, see “On the Global Convergence Rates of

Softmax Policy Gradient Methods” by Jincheng Mei et al.,, 2020 and “Fast global convergence of natural
policy gradient methods with entropy regularization” by Cen et al., 2022.
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Deterministic Policy Parameterization

Consider the case where S and A are continuous, and use 7y to denote a
deterministic policy: a = my(s) is an action.

» Average state value:

oo

W"(M):/SVM(SO)M(SO)dSO:Emp;;e > A'r(se, mo(se), Se41) |

t=0

where given trajectory 7 = (St, mo(St), St+1) 20,

8

pr’ (1) = u(so) | | P(Sts1lst, mo(St))

t

Il
=}

is the probability density over 7. Note that there is no probability over action
space since my(s) selects a deterministic action.

» It is worth noting that V™ (s) = Q™ (s, ms(S)).



Deterministic Policy Parameterization

» Similarly, we can express V™ (1) over state space

V7O ()

T [ s [ plsm(s)ris.m(s) a5
1 /
= mESNdZG Es’Np(<\s,7r9(s)) [r(s, 7r9(5)75 )] s

where dj\? (s) = Esy~p [(1 —7) D oo2, 7' Pe(S|S0, ma)] is state visitation density,
and p:(s|so, mo) is the density over state space after transitioning t time steps.
Note there is no expectation over action space since my(s) is deterministic.



Deterministic Policy Gradient Theorem

Theorem 4 (Deterministic Policy Gradient Theorem)
Suppose that Vymy(s) and V,Q™ (s, a) exist. Then,

1 -
VoV (1) = 7= By [Voma($)VaQ™ (5, 0)la=ry 9]



Proof of Theorem 4

First note that
V™ (so) = Q" (S0, me(S0))
= /S (r(so, mo(S0),S1) + V™ (51)) P(S1]S0, 76 (S0))dS1.
Therefore, one has
TV (s0) = / Var(80,8,51)lary (sy) Voo (S0)P(S1]S0, o (0) sy
+ /5 r(So, m6(S0),51) VP(S1]S0,@)|q_r, (so) VoTo(S0)ds1
+’Y/S V™ (51) VP(511S0, @) lgry (s VoTa(So)ds

+r / VoV (51)p(511S0, 70(0))ds1
S



Proof of Theorem 4 (Cont'd)

Moreover, it is easy to verify that the sum of the first three terms is equal to

Voo (S0) VaQ™ (s,a)|

a=mg(so)

Therefore,

VoV™(s0) = Vemo(So) VaQ™ (S, )| q—r, (s0) +7/ VeV (s1)p(s1]S0, m9(S0))ds1
S

=E [ Z V' Voro(5t)VaQ™ (St, )| a=rp (s)|S0 We]
t=0

1 ™
= ﬁESNd:()B [V(ﬂl’g(S)VqQ Q(S,G)|a:7r9(5)] .

Averaging over all so completes the proof of Theorem 1.



Deep Deterministic Policy Gradient (DDPG)

» DDPG is a policy gradient method which learns a deterministic policy 7wy and
an action value function Q“(s,a) ~ Q™ (s, a). It is an actor-critic algorithm.

» Policy of DDPG is deterministic, need to add random noisy when collecting
data; experience replay buffer is also used to break statistical dependence.

» Update of w for action value function is overall the same to Fitted Q-learning.

See “Continuous control with deep reinforcement learning” by Lillicrap et al. 2016 for details.



Questions?
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