High Dimensional Probability and Statistics 2nd Semester, 2023-2024

Lecture 7: Uniform LLN, VC Dimension and Applications
Instructor: Ke Wei Scribe: Ke Wei (Updated: 2024/04/28)

Motivation: We are interested in bounding the random variable

sup |- 5 £(x0) —E[£(X)], (7.1)
k=1

feF | —

where F is a class of functions. That is, we want to estimate the deviation between £ ' | f(Xj)
and E [f(X)] uniformly over the class F —hence the name of uniform laws of large numbers (ULLN).
Here, we ignore the measurability issue after taking the supremum. This problem arises in a wide
range of applications. We first give several typical examples.

Wasserstein law of large numbers Let X1, -, X, bei.i.d samples from a population measure
P, where P is a probability measure on [0, 1]. Define the following empirical measure

> ox,-
k=1

Then a natural question is how well P, stands for P. For a realization, the Wasserstein distance
between P,, and P is given by

Wi(Pp,P) = sup [Ep, [f(Z)] — Ep[f(Z2)]|
feF

P, =

S~

where F = {f € Lip ([0,1],]-]) : 0 < f <1} is a set of 1-Lipschitz functions. It is evident that
W1 (P, P) is in the form of (7.1). In this case, the related result is also known as Wasserstein law
of large numbers.

Classical Glivenko—Cantelli theorem Letting X ~ P, the cumulative distribution function

(CDF) F(a) is given by F(a) = P[X < a]. Given a set of i.i.d samples {X;},_,, we can estimate
F' by the empirical CDF,

~ 1 &
Fn(a) = g Z 1(—00,(1] (Xk)v
k=1

i.e., the empirical frequency over (—oo,a]. Then it is natural to ask whether

Fy(a) — F(a)

is small uniformly for all a € R?

The classical Glivenko—Cantelli theorem answers this question in an affirmative way. Letting F =
{l—x,q(z) : a € R}, since E [1(_007(1] (X)] = F(a), we actually need to bound (7.1), where F is
given by

F = {1(cooa a €R}. (7.2)
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Generalization analysis in statistical learning Given a pair of random variables (X,Y), a
central task in statical learning is to find the relationship between X and Y. This is typically
formed as the problem of finding a function (hypothesis) i in a function class H such that the
population risk

R(h) = E[L(h(X),Y)]

is minimized. Here L(-,-) represents certain loss function. However, since we do not know the
distribution of by only have access to a set of i.i.d samples X1, --- , X,,, a computationally tractable
alternative is to minimize the empirical risk,

Ruh) = 3" £(b(Xe), Vi),
k=1

Letting h* be the minimizer of R(h) and % be the minimizer of ﬁn(h), in order for ¥ to generalize
well for the entire distribution, we wish R(h*) should be close to R(h*). This can be achieved if
ﬁn(h) is close to R(h) for all h € H since then they will have their minimizers close to each other.
More precisely, the excess risk defined by R(h*) — R(h*) satisfies

R(h) = R() = (R(h) = Ru(hy) ) + (Bahi) = Ra(h)) + (Ra(h) = B(E))

< |R() = Ralhy)| + [Ba(n®) = RE)

< 2sup | Ru(h) — R(h)‘ . (7.3)
heH

Thus, in order to bound the generalization error R(h*) — R(h*), it suffices to bound

sup | Rn(h) — R(h)| = sup
heH heH

LS £(h(X), Yi) ~ E[L(R(X, Y))]‘ (7.4)
k=1

If we define

LS™ 2(h(xX0), Vi) — E[L(h(X), V)

[(Zreee  Za) = sup |-
k=1

heH

y where Zk = (Xk,Yk),

it is easy to see that (7.4) is a special case of (7.1).
Under some proper conditions (e.g., || f|lco < b for f € F), it is easy to show that the quantity

in (7.1) concentrates around its mean, for example by bounded difference inequality. Thus, we will
focus on its expectation

E |sup

S () B [f(kau . (7.5)

E [ S () - E[f(Xk)])u <



under some mild moment assumptions. It is intriguing to see whether this is also true when F has
many functions, which is also the desirable goal to pursue.

Agenda:

e Wasserstein Law of Large Numbers
e Symmetrization, VC Dimension
e Classical Glivenko-Cantelli Theorem

e Statistical Learning

7.1 Wasserstein Law of Large Numbers

In this section, we consider (7.5) for the case
F=A{feLip(0,1],]-[): 0<f<1}.
The following theorem establishes the covering number of F under the infinity norm.

Lemma 7.1 There is a numerical constant ¢ > 0 such that
1 1
N(f,||-\|oo,5)§ec/€fors<§ and N(f,\|-||oo,5):1for52§.

Proof: The claim N(F, |- |lo,€) = 1 for £ > 3 is trivial since || f — %Hoo < 1 for each f € F. The
proof of the first claim is basically based on approximating f with piecewise constant functions,
see [2] for details. |

7.1.1 First Effort via Finite Approximation

For ease of notation, let Zy = 2 37" | f(X}) — E[f(X)]. First note that Z; is 1/4n-sub-Gaussian
since f € [0,1] (check this!). Letting N be the e-net of (F,| - ||oc), by Lemma 7.1, we have
N(F, || - lloo, &) < €%, for e < 1/2. Thus,

c
E [sup|Z¢|| < inf E Zr— 2 —
supl2yl| < 055;1/2{ SuplZy = Zu(pl| + gm}
Moreover, we have
1 n
Zs = Znp)| = <n (f(Xk) - 7T(f)(Xk))) +Er(f)(X) - f(X)]‘
k=1
2 n
<=3 -l
k=1
< 2e.
It follows that
E |sup |Zf|| £ inf {2€+ 1/ C} = n /3,
fe 0<e<1/2 2ne

which is sub-optimal.



7.1.2 Second Effort via Dudley Integral

With the same definition of Z; as in the last subsection, we have that

1

Zf—Zg= > (F(Xk) = g(Xk) = (ELf(Xp)] — E[g(Xk)])
k=1

is 1| f — g||%.-sub-Gaussian. Thus, if we define
d(f,9) =" = gll,
then Z; — Zg is d(f, g)>-sub-Gaussian. In addition, it is easily seen that (check this!)
N(F, 02| - lloos€) = N(F, || - loos '),

Thus, the application of the Dudley integral (note that 0 € F) yields

S/ \/IOgN(]:a I+ Moo, n1/2€)de
0

1 oo
- \/ﬁ/o N AL
1 12 ¢
-7l Ve
!
=< =
7.2 Symmetrization, VC Dimension

For the problem in the last section, the infinite norm can be used to bring out the sub-Gaussian
nature of the process, and thus the tight 1/y/n bound can be established via Dudley integral.
However, for many cases, it is not efficient to bound the increments using the infinite norm and
weaker metrics should be considered. Consider F given in (7.2). Since

[T (—o0,a] = L(—oo,a]lloc =1 whenever a # a,

we have N(F, | - |loo,e) = oo for € < 1. Thus, substituting this into Dudley integral is not quite
meaningful. The symmetrization argument provides a way to overcome this pitfall, which allows us
to use the Dudley integral based on covering under potentially a smaller distance through separating
the sign (or “Gaussian part”) out from its magnitude . To motivate the symmetrization argument,
consider the random variable >, X} where X are independent mean zero random variables.
When the magnitude of each X is of the order O(1), a naive bound for | >_;_; Xj| would be O(n).
However, by the central limit theorem, a more desirable bound would be O(y/n). This is due to
that the terms in the sum are independent and centered, so they are likely to have opposite signs,
yielding the cancellation effect. Therefore, the random sign ), _, sign(X}) plays an essential role
in the Gaussian tail while the magnitudes of X}, only determine the variance.



7.2.1 Symmetrization

As already mentioned, the symmetrization technique separates the sign (or “Gaussian part”) of
the process out from its magnitude and analyze each part sequentially. This allows us to provide
bounds for (7.1) more efficiently.

Lemma 7.2 (Upper bound by symmetrization) Let {X},_, be i.i.d random variables. Then,

> enf(Xi) ] ;

k=1

D (F(Xk) —E[f(Xi)])

) |
k=1

<2Ex. |sup
feFr

E |sup
feFr

where {e};_, is a collection of i.i.d Rademacher random variables.

Proof: Let {Y;},_, be ii.d copies of {X};_,. We have

n n

E |sup Z(f(Xk)—E[f(X)])“ =Ex [sup > (f(Xi) —Ey [f(Yk)])‘
feF k=1 _fe]-‘ k=1
= Ex |sup |[Ey (f(Xk) f(Yy)) ‘

feF

M:

f(Yk))|

| feF

SEX SupEY [
k= 1
n

<Exy [sup

feFr

> (f(Xk) - f(Yk))‘

k=1

where the third line follows from Jensen inequality. Noting that f(Xy) — f(Yx) is symmetric and
thus has the same distribution with e (f(Xg) — f(Y%)), it follows that

E [sup | (f(Xe) —E[f(X)])|| <Exye [sup > (ex(f(Xi) = F(Y)))
Te7 k=1 =
< Ex. |sup Z%f Xi)|| +Bye [sup > enf(Va)||
feF =
which completes the proof since {Y}};_, are i.i.d copies of {Xy}._;. ]

Lemma 7.3 (Lower bound by symmetrization) Let{X}},_, bei.i.d random variables. Then,

S e (/1 [f(kau ,

E |sup

feF

> sup

fer

,E

l\.')\r—t

> (F(Xk) = E[f(Xe)])

k=1 k=1

n ‘

where {e}}_, is a collection of i.i.d Rademacher random variables.

Proof: We have

sup
fer

,6

ZSk [f(Xk)])“

k=1
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=Ex. |sup
feF

> e (f(Xx) —Ey [f(Yk)])'

k=1
<Exye [SUP Zﬁk (f(Xk) — f(Yk))‘
feF =1
=Exy [?1612 ; (f(Xk) — f(Yk))‘
E X)) —E|f(X E Y. —E|f(Y;
< [?1612 kzl(f( k) f(Xe)D|| + ,Segg I;(f( %) Lf( k)])‘ ,
which completes the proof since {Y}};_, are i.i.d copies of {Xy},_;. [

Remark 7.4 Note the right hand side in Lemma 7.3 cannot be replaced by Ex . [supfe}— 1> pey 5kf(Xk)|]
since a counter example can be easily constructed for the n =1 case.

To upper bound (7.5), by Lemma 7.2, it suffices to bound

Ex. |sup enf(Xp)|| - (7.6)
>
For this, we can first condition on X = (z1,--- ,x,) and bound
E. |sup erf(zk) (7.7)
6 [fEf 2
and then take expectation with respect to X. It follows that
E |sup | (f(Xe) ~E[f(Xe)D|| S | E [sup Y f2(Xp) | v1ogIx(n), (7.8)
feF i i fer km
where
Ur(n):= —max [{(f(z1), -+, f(xn)): [ € F}. (7.9)

{z1,+zn}CX

Note that when |F| = oo in which case a direct bound uniform bound for (7.5) fails. In contrast,
it is possible that IIx(n) is finite (e.g., when F a class of binary value functions for classification
problems). Assuming ||f|loc < b for all f € F, we can still work out an upper bound for (7.5)
through (7.7) and obtain

> (F(Xk) —E[f(Xp)])

k=1

E | sup <.|E
feF

) |

sup 3 f2<Xk>] Viog Tz (n) < vnby/log Iz (n).

FeF k=1
(7.10)

Next we will focus on the case when F a class of binary value functions (and hence IIz(n) is
finite, at most 2™). It can be shown that the growth of IIx(n) is determined by a notion called VC
dimension. In other words, VC dimension provides a different way to quantify the complexity of
the function class F. Though we only discuss the VC dimension for the families of binary value
functions, it can be extended to general classes of functions, see for example Chapter 7.3 of [2].



7.2.2 VC Dimension

Definition 7.5 (Shattering and VC dimension) Let F be a class of binary value functions.
We say a set (x1,--+ ,x,) C X is shattered by F if

{(f(z1),---, flxn)): feF}=2"

The VC dimension of F, denoted v(F) or simply v for short, is defined as the largest integer n for
which there exists a collection of points (x1,- - ,xy,) that is shattered by F.

Remark 7.6 By the definition, when n > v, then for any collection of points (z1,- - ,Tp),

{(f (@), fza)) : [ eFH

must be exactly smaller than 2"™. In terms of the growth function in (7.9), the VC dimension is the
largest integer n such that Ilx(n) = 2™.

Exercise 7.7 If there exists n points that can be shattered, why for any m < n there exists m
points hat can also be shattered? If there does not exist n points that can be shattered, why for any
m > n there does not exist m points that can be shattered?
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Figure 7.1: Example I

Example 7.8 Figures 7.1, 7.2 and 7.3 give three examples with finite VC' dimension, where
F ={lg(x), S e€S}.
There also exists set S such that the VC dimension of F is infinite, see [3].

For the function class having a finite VC dimension, it turns out its growth function is of the
polynomial order in n.
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Figure 7.2: Example II

Lemma 7.9 (Sauer-Shelah) For alln > v and (z1, - ,z,) C X, there holds

e = max (G sy rer< Y (7)< ()
k=0

{z1,,xn}CX

Proof: The second inequality follows directly from the combinatorial argument

> (1) =2 (i) (%)”_k

= I

SRICH
NGRBIO)
- (%) ey

< ()

The first inequality follows from an inductive argument and the details will be omitted. Interested
readers may find them in [1] and [3]. [ ]

Note that Lemma 7.9 is a truly deep result. For n > v(F), though the definition of VC dimension
implies that [{(f(z1), -, f(zn)): f € F} < 2" for any (x1,---,2p), this does not exclude the
possibility that there exists a (z1,---,xy,) such that [{(f(z1), -+, f(zn)): fEF} = 2" — 1.
However, the Sauer-Shelah lemma says that this cannot be true.
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Figure 7.3: Example III

Exercise 7.10 For the three examples in Example 7.8, show that [{(f(x1), -+, f(xn)): f € F}H <
n" directly rather that using the Sauer-Shelah lemma.

7.3 Classical Glivenko-Cantelli Theorem

In this section we return back to the problem of estimating E |||Fj, — F||so |, where F and F, are

CDF and empirical CDF, respectively. It corresponds to estimating (7.5) for F = {1(_ 4(2) : a €
R}. By Example 7.8, we first know that v(F) = 1. It follows from the Sauer-Shelah lemma that
I, (F) < n. Together with (7.10), we have

4 [Hﬁn - Flloo} <8 (7.11)

n

Remark 7.11 By certain central limit theorem (Kolmogorov theorem), one can directly show that

the optimal rate for |Fy — F|los is 1/y/n. Neat, we will remove the log-factor in (7.11) by more
advanced technique.



Let F = {1¢, C C X'} be the set of binary value functions defined on a probability space (X, P).
For any f,g € F, we define

1/2
1 — allzee = < [~ g<x>>2dP<x>) |

Lemma 7.12 There is a numerical constant ¢ > 0 such that

c\ ¢V

NF - lzepe) < (5) fore<t.
where v is the VC dimension of F.
The proof of Lemma 7.12 relies on the following lemma.

Lemma 7.13 Let fi,---, fn be functions on (X,P). If

[filloo <1, lfi = fille2@) > € for all i # j,

then there exists m =< e~*logn points x1,--- ,m, such that
fZ \fi(an) — fi(@)? > €2/4  for alli # . (7.12)

Proof: The proof of this lemma uses a very interesting probabilistic argument: we first choose
m points randomly and then show (7.12) holds with high probability. Then there must exist such
m deterministic points. More precisely, let X1, -, X,, ~ P be i.i.d samples. The application of
Hoeffding inequality implies that

m

m2
[ > (Fi(X0) = [(XR)? = E[Ifi(Xe) = £(X0)]) S—t] < exp (‘5)
k=1

S\H

Noting that

E [; D 1Fi(Xe) = (X0 | = E[fi(Xk) = [i(XR)P] = 1fi = fill 2y > €%,

k=1

we have

2 m 4
[ Z|fz Xp) = fi(Xp)? < 84] < exp (—48).

Now a union bound gives

me

[ Z|szk fJXk)|2>forallz;é]]>1—nexp<—44>>0

provided m =< e *log n. [ |
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Proof: [of Lemma 7.12] Let fi,---, f, be an maximal e-packing of (F, [ - ||2(p)). By Lemma 7.13,
there exist m =< e~*logn points x1, - - , 2, such that

*Z \filzr) — fi(z)|? > /4 for all i # j.

Thus, letting F,, = {f1, -, fn},

n=[{(fi(z1), -, filzm)) : fi € Fa}l.
Note that the VC dimension of F,, is less or equal than the VC dimension of F. By the Sauer-Shelah

lemma we have
4 v
em\ v ce “logn
e (G (e
v v
and the claim follows after some simple calculus. [ |

Theorem 7.14 (Glivenko-Cantelli) We have E [HF FHOO] %

Proof: For fixed (x1,--- ,x,), let

1 n

Noting that Z; — Z, = ﬁ Srqen(f(mr) — glzy)) is 237, (f(zk) — g(xx))*-sub-Gaussian (see
Lecture 1). Thus, if we define the metric

n

A(F,0) = || = S (F) — glan))?

k=1

then Zy — Z, is d(f, g)*>-sub-Gaussian. Let F = {F,0}, namely we add a 0 function to F. Note
that we still have v(F) = 1 (check this!). Thus, Lemma 7.12 implies that

N(f,d,s)ﬁ(?)c, for e < 1,

where ¢ > 0 is a universal constant. Moreover, it is easy to see that d(f,g) < 1 for any f,g € F ,
and thus diam(F) < 1. By the Dudley integral (also noting Remark 6.4) we have

|

E. |sup = E.

D \}ﬁ kzl€kf(ﬂfk)

sup

1 n
— 0
Ve ; exf(xr)

1 ~
S / \/log N(F,d,e)de
0
=0(1

),

where O(1) means a constant. Thus,

® s | 3500 - 215000 et 5

The proof is now complete. [ |

§\
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7.4 Statistical Learning

In this section, we study the generalization error analysis problem in statistical learning, as intro-
duced at the beginning of this lecture. For simplicity, consider the classification problem where
Y = T(X) and T is a fixed Boolean function on X. Moreover, we consider the case where L is
squared loss,
L(W(Xp), Vi) = [h(Xy) = Yil* = [h(Xk) — T(X) |
Therefore, by (7.3), we have
R(i,) = R(W") < 25up | Ra(h) = R()
heH

:22%1i}:mew_zmeZ—EUMXw—Tﬁﬁmﬂ)
€ k=1

= 2 sup %Zf(Xk) —E[f(X)]'>
k=1

fer

where f = |h—T|?, F = {|h—T|?, h € H}. Assume H is a set of Boolean functions: {1¢, C C X'}.
We have the following result.

Lemma 7.15 For any set of points (x1,- -+ ,xy), define d(f,g) = \/% Sopeq (f(xk) — g(zk))?. Then

N(F,d,e) < N(H,d,e).
Proof: Since both h and T are Boolean functions, so does h — T'. Thus,
\lh =T = |h—T|.
It follows that
|hy = T? = [he = T*| = ||h1 = T| = [h2 = T|| < |h1 = ha| = [h1 — ha[*,

for any hi, he € H. Therefore,

Al = Toha =) = || = (o) = T(@) 2 = [haen) — T2
k=1

1 n
< | = h —h 2
< n;| 1(xk) — ha(xy)|

= d(h1, ha),
from which N(F,d,e) < N(H,d, ) can be easily established. |
Theorem 7.16 Under the previous assumptions, we have

& [(is) - k)| £ /0,

where v(H) denotes the VC dimension of H.
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Proof: We have

SE |sup|~ f(Xk)—E[f(X)]u

fer |3

1 n
< ExE. - X
SEx ngelgn;€kf( k)]
gin {/ \/logN}"dads]
\} {/ \/logN’Hdeds}

< U(/H)’

n

where the last line follows from Lemma 7.12.
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